Abstract. We will show that the normal CM-fields with relative class number one are of degrees ≤ 216. Moreover, if we assume the Generalized Riemann Hypothesis, then the normal CM-fields with relative class number one are of degrees ≤ 96, and the CM-fields with class number one are of degrees ≤ 104. By many authors all normal CM-fields of degrees ≤ 96 with class number one are known except for the possible fields of degree 64 or 96. Consequently the class number one problem for normal CM-fields is solved under the Generalized Riemann Hypothesis except for these two cases.
Introduction
In [O1] , Odlyzko proved that there are only finitely many normal CM-fields of a given class number (see also [S] ). In [H] , Hoffstein showed unconditionally that normal CM-fields with relative class number one are of degrees ≤ 434 and determined upper bounds for their root discriminants. Recently, Bessassi ([B] ) improved Hoffstein's bounds: he showed that normal CM-fields with relative class number one are of degrees ≤ 266 and that if the Generalized Riemann Hypothesis is true, then they are of degrees ≤ 164. Usually, to solve the class number one problem for normal CM-fields of a given degree, one determines their possible Galois groups and tries to solve this problem for a given Galois group. However, there are too many groups of 2-power orders, e.g., 267 groups of order 64 and 2328 groups of order 128 (see [M] , [HS] , [JNO] , [Wo] , [TW] , and [Ob] ). It seems reasonable to try to get analytically sharper bounds for the degrees of normal CM-fields with class number one than the previously known ones, even with the assumption of the Generalized Riemann Hypothesis. Let K be a CM-field of degree 2n with maximal totally real subfield k, D K the absolute value of its discriminant, ρ K = D Theorem 1. Let K be a CM-field of degree 2n.
(1) We assume the Generalized Riemann Hypothesis and assume that K is normal over Q. If n ≥ 50, then All imaginary abelian number fields with class number one are known by Yamamura (see [Y] and [CK1] ). By many authors all normal CM-fields of degrees < 48 with class number one are known. The class number one problem for normal CM-fields of degree 48 is partially solved. For full details see [LO1] , [LOO] , [LO2] , [Lou1] , [Lef] , [LLO] , [PYK] , [CK2] , [P] , [LPCK] , and [CK3] . Recently, it has been proved that there are no normal CM-fields of degree ≤ 96 with class number one except for the possible fields of degree 64 or 96 (see [PK] ). We remark that in [PK] the authors used the upper bound for root discriminant α(24) above to solve the class number one problem for the normal CM-fields of degree 48. Note that there are 223 (= 230 − 7) nonabelian groups of order 96.
For a number field M we let O M , κ M , and ω M be its ring of algebraic integers, the residue of ζ M (s) (the Dedekind zeta function of M ) at s = 1, and the number of roots of unity in M , respectively. For a CM-field K we denote by Q K ∈ {1, 2} its Hasse unit index. From the analytic class number formula we have
To prove Theorem 1 we proceed as follows. Using Weil's explicit formula, we get explicit lower bounds for D K in Section 2 and upper bounds for κ k in Section 3. Using this Weil's formula Bessassi improved significantly the previously known bounds for κ k . We take care of prime ideals of small norms when we deal with this Weil's formula, which allows us to improve upon Bessassi's upper bounds for κ k . In Section 4 we give lower bounds for κ K . When we do not assume the Generalized Riemann Hypothesis, we use Louboutin's bounds in [Lou3] . When we assume the Generalized Riemann Hypothesis, we use Bessassi's result in [B] , and what is more we take care of prime ideals of small norms. In Section 5, using those bounds above we get explicit lower bounds for h − K . Ultimately Section 6 is devoted to the proof of Theorem 1 itself.
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Lower bounds for D K
To begin with, we recall the following result deduced from Weil's explicit formula.
Proposition 2. Let F be a real-valued even function with F (0) = 1 for which the following conditions hold.
(ii) The function F is of bounded variation, the value in each point being the average of the limit to the right and the limit to the left. 
Let k be a totally real number field of degree n over Q. Set
sinh(x) dx and B n (F ) = log(8πe γ ) + (π/2) − I n (F ). For a positive integer i ≥ 2 we let g i ≥ 0 be the number of prime ideals p in k with N k/Q (p) = i, and
Then we have
Proof. See [Poi1, Propositions 4 and 5] and Section 3 in [B] .
To get lower bounds for discriminants assuming the Generalized Riemann Hypothesis we choose
as chosen by Odlyzko ([O2] and [Poi2] ). Without assuming the Generalized Riemann Hypothesis it is known that Tartar's choice is the best one ([Poi1] , [Poi2] , and [O2] ):
Here b O > 0 and b T > 0 will be chosen for each degree n to give the best possible bound. For these 
For real x > 1 and t ≥ 3 a positive integer, we set (3.4) ). The result follows.
Lemma 4. Let k be a totally real number field of degree n ≥ 1. If ζ k (s) has no real zero in the range 1/2 < β < 1, we set E σ = 1; if β is any real zero of ζ k (s) in this range, we set
and 
Proof. See [O1] , [Poi2] , [W, Lemma 11.21] , and [B, Lemmas 5 and 6] .
Putting together Lemmas 3 and 4 we get an upper bound for κ k :
, and E σ be as above. Let
(1) Let k be a totally real number field of degree n. We have then (n, b, t, σ,σ) and c 4 (σ, b, t) we proceed as follows. First, we fix n. Second, we fix b and t. (In the proof of Theorem 1 below we will explain how to choose favorable values for b and t for a given n.) Third, we find σ ≥ 1.01 having three properties at once: (i) σ is as small as possible; (ii) c 4 (σ, b, t) is as small as possible; (iii) 2πbc 1 (σ, b, t) + log σ(σ − 1) ≥ 0. (For the reason why we want σ ≥ 1.01, see the proof of Proposition 8 point (2) below.) Finally we chooseσ so that c 3 (σ, n) is as large as possible. For given n, b, t, and σ, the values L i (σ, b, t) can be easily computed.
(2) The function n → C 5 (n, b, t, σ,σ) is increasing for given b, t, σ, andσ. Once we have chosen b, t, σ, andσ for a given m, we have then
for any totally real number field k of degree n ≥ m. (1) Let m ≥ 1 and ρ > e be given. Assume the Generalized Riemann Hypothesis. For any normal number field K of degree n ≥ m and of root discriminant ρ K ≥ ρ we have
where t ≥ 3 is a positive integer and the c 6 (m, ρ)'s can be taken as in Table 2. (2) For any totally imaginary number field K of degree ≥ 10 and root discriminant ρ K ≥ 2π 2 , we have unconditionally 
Proof.
(1) We have
where
. For an estimate of T (Q) and a lower bound for R(Q) we use [B, Lemma 11 and (26) ]. For M (Q), we choose t and Q with t ≤ Q so that
The remainder of the proof is the same as that of [B, Corollary 13] . 
Proof. For (1), by Proposition 2 and since n → B(n) increases with n, we have
(2) Now, using A 1+δ ≥ Ae δ ≥ A(1 + δ) for A ≥ e and δ ≥ 0, we have
for A = 2nB(m) ≥ e. Since 2n ≥ 2m ≥ 10 implies A = 2nB(m) ≥ 10B(m) ≥ 10B(5) ≥ 10 ≥ e (see the end of Section 2) and since x → x ε / log log x is increasing for x ≥ e 10 and ε ≥ 0.05, using (5.1) we obtain
, and (2) follows, by (5.2). The proofs of (3) and (4) are similar. For (3) we use the fact that x → x ε / log x is increasing if x ≥ e 20 and ε ≥ 0.05.
Combining Propositions 5 and 6 and Lemma 7 we get lower bounds for h − K as follows.
Proposition 8. Let m ≥ 1 and t ≥ 3 be given integers and let b > 0 be given. Set
Suppose that c 4 (n, b, t) ≤ 0.4 for every n ≥ 5.
(1) Assume the Generalized Riemann Hypothesis. Let ρ > e be given. For any normal CM-field K of degree 2n ≥ 2m ≥ 10 and root discriminant
(3) Assume the Generalized Riemann Hypothesis. For any CM-field K (not necessarily normal over Q) of degree 2n ≥ 2m ≥ 10 we have
Proof. According to (1.4) we have h
(1) By Propositions 5 and 6 point (1), and since
By applying Lemma 7 point (2) with ε = 
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By applying Lemma 7 point (1), we have
Here, σ was given in Proposition 5.
(ii) If ζ k (s) has no zero β in I and ζ K (s) has a simple zero in I, then by [S, Theorem 3] and [B, Theorem 17] there exists an imaginary quadratic subfield F of K such that ζ F (β) = 0 and
We have
By applying Lemma 7 point (1), we have
(iii) If ζ k (s) has no zero in I and ζ K (s) has no simple zero in I, then either ζ K (s) has no zero at all in I or ζ K (s) has a double zero in I. This is because ζ K (s) has at most two zeros with multiplicity in I by [LLO, Lemma 15] . Then
by Propositions 5 and 6 point (2).
By applying Lemma 7 point (3) with ε =
Now
, we compare the following three terms:
Notice that σ − 1 > 1/100 (see Proposition 5 and 
By Lemma 7 point (4) with ε = 
and by Lemma 7 point (1), we have
The result follows.
6. Proof of Theorem 1 6.1. Proof of Theorem 1 point (1). Let K be a normal CM-field of degree 2n ≥ 2m ≥ 10. For i < t, we set {13, 14, 15, 16, 17, 18, 19, 20} . We verify that the value C 7 (83, 12, 101) = 1.18138 · · · is the largest among all computed C 7 (83, b, t)'s. We continue this process for all b = 12 + 1 10 k with integers k with −10 < k < 10. We verify that the value C 7 (83, 12.1, 101) = 1.18144 · · · is the largest among all computed C 7 (83, b, t)'s. For b = 12.1 + 1 100 k with −10 < k < 10, we repeat the computations and obtain the largest value C 7 (83, 12.10, 101) = 1.18144 · · · . Similarly we get the value C 7 (83, 12.103, 101) = 1.18145 · · · , which is the largest for all b = 12.10 + 1 1000 k with −10 < k < 10. We did not compute C 7 (83, b, t) with b = 12.103 + 10 −4 k with −10 < k < 10. This is because there are negligible changes in C 7 (83, b, t)'s, 3 ≤ t ≤ 101 for a given b with the precision of 10 −3 . We conclude that for any normal CM-field K of degree 2n ≥ 2 · 83,
We do the same computations for every m with 49 ≤ m ≤ 83. Our computational results are summarized in Tables 3, 4 , and 5. The values b, t, and C 7 (n, b, t) given in Table 5 are the most favorable among our computational results. Table 5 . Lower bounds for h Since the complex conjugation is in the center of the Galois group G(K/Q), every normal CM-field of degree 98 is an imaginary abelian number field. Hence its relative class number is greater than one. (See [CK1] .) Consequently it follows that h − K > 1 if n ≥ 49. For n ≥ 50 we get (1.1). (In the tables the values C 7 (n, b, t) and h(n) (resp. B(n) and c 6 (2n, ρ)) are rounded down (resp. up) after four decimal places.) Set if i is a power of a prime, and
In a similar fashion as above, for 5 ≤ n ≤ 48 we find optimal values of b and
We summarize our computational results in Table 6 . Here Bess(n) means Bessassi's upper bounds for root discriminants in [B] .
6.2. Proof of Theorem 1 point (2). Set C 8 (m) = ce 1/2c B(m) and
if i is a power of a prime, P (m, i, b, t) = 1 otherwise. For given m, b, and t, if P (m, i, b, t) ≥ 1 for all i with 2 ≤ i < t and c 4 (m, b, t) ≤ 0.4, then, according to (5.4), for every normal CM-field of degree 2n ≥ 2m ≥ 100 we have
.
In a similar fashion as (1) we get the results in Table 7 The results in Theorem 1 point (2) follow immediately.
6.3. Proof of Theorem 1 point (3). Set C 9 (m) = e 3/2 (2B(m)) 1/2 /2, C 10 (m) = exp(1/ 2B(m)), and Similarly as (1) we obtain favorable values for C 9 (m), C 10 (m), C 7 (m, b, t), and lower bounds for h − K in Table 8 . The results in Theorem 1 point (3) follow immediately. 
